Abstract. In this paper, we quantize universal gauge groups such as SU (∞), in the σ-C * -algebra setting. More precisely, we propose a concise definition of σ-C * -quantum groups and explain the concept here. At the same time, we put this definition in the mathematical context of countably compactly generated groups as well as C * -compact quantum groups.
and Hausdorff. It is not a C * -algebra in general; it would be so if, for instance, the directed set is finite. If the directed set is countable, then the inverse limit is called a σ-C * -algebra. One can choose a linearly directed cofinal subset inside any countable directed set and the passage to a cofinal subset does not change the inverse limit. Therefore, we shall always identify a σ-C * -algebra A ∼ = lim ← −n A n , where n ∈ N. The inverse limit could have also been constructed inside the category of C * -algebras; however, the two results will not agree. For instance, if H = lim − →n H n as above, then the inverse limit lim ← −n C(H n ) inside the category of topological * -algebras is C(H), whereas that inside the category of C * -algebras is C b (H), i.e., the norm bounded functions on H. It is known that C b (H) ∼ = C(βH), where βH is the Stone-Čech compactification of H. Therefore, if one wants to model a space via its algebra of all continuous functions then the former inverse limit is the appropriate one. Henceforth, the inverse limits are always constructed inside the category of topological * -algebras. It is known that any * -homomorphism between two pro C * -algebras is automatically continuous, provided the domain is a σ-C * -algebra (see Theorem 5.2. of [8] ). Furthermore, the category of commutative and unital σ-C * -algebras with unital * -homomorphisms (automatically continuous) is contravariantly equivalent to the category of countably compactly generated and Hausdorff spaces with continuous maps via the functor X → C(X) (see Proposition 5.7. of [8] ). If A ∼ = lim ← −n A n , B ∼ = lim ← −n B n are two σ-C * -algebras, then the minimal tensor product is defined to be A⊗ min B = lim ← −n A n⊗min B n . Henceforth, A⊗B will always denote the minimal or spatial tensor product between σ-C * -algebras. If H is a countably compactly generated and Hausdorff topological group, although the multiplication map m : H × H → H is not proper, we get an induced comultiplication map m * : C(H) → C(H × H) ∼ = C(H)⊗C(H), which will be coassociative owing to the associativity of m. Motivated by the definition of Woronowicz (see also Definition 1 of [5] ), we propose:
Definition. A unital σ-C * -algebra A is called a σ-C * -quantum group if there is a unital * -homomorphism ∆ : A → A⊗A which satisfies coassociativity, i.e., (∆⊗id)∆ = (id⊗∆)∆ and such that the linear spaces ∆(A)(A⊗1) and ∆(A)(1⊗A) are dense in A⊗A.
Lemma. Let {A n , θ n : A n → A n−1 } n∈N be a countable inverse system of C * -algebras and let B n ⊂ A n be dense subsets for all n such that θ n (B n ) ⊂ B n−1 . Then lim ← −n B n is a dense subset of the σ-C * -algebra lim ← −n A n .
Proof. The assertion follows from the Corollary to Proposition 9 in §4-4 of [2] .
Example. Obviously, any C * -compact quantum group is a σ-C * -quantum group. Let {A n , θ n : A n → A n−1 } n∈N be a countable inverse system of C * -compact quantum groups with θ n surjective and unital for all n. Furthermore, let us assume that the comultiplication homomorphisms ∆ n form a morphism of inverse systems of C * -algebras {∆ n } :
Indeed, the density of the linear spaces ∆(A)(A⊗1) and ∆(A)(1⊗A) inside A⊗A follow from the above Lemma.
Our next goal is to outline the construction of the quantum universal special unitary group, C(SU q (∞)). Recall that for q ∈ (0, 1), the C * -algebra C(SU q (n)) is the universal C * -algebra generated by n 2 + 2 elements G n := {u n ij : i, j = 1, . . . , n} ∪ {0, 1}, which satisfy the following relations
where
Here δ ij 1 = 0 if i = j, where 0 denotes the element in the generating set of C(SU q (n)). Moreover,
The C * -algebra C(SU q (n)) has a C * -compact quantum group structure with the comultiplication ∆ given by
There is a surjective * -homomorphism θ n : C(SU q (n)) → C(SU q (n − 1)) defined on the generators by
such that the following diagram commutes for all n 2
One can verify this assertion by a routine calculation on the generators. Consequently, for n 2 the families {C(SU q (n)), θ n } and {C(SU q (n))⊗C(SU q (n)), θ n⊗ θ n } form countable inverse systems of C * -algebras and {∆ n } : {C(SU q (n))}→{C(SU q (n))⊗C(SU q (n))} becomes a morphism of inverse systems of C * -algebras. We construct the underlying σ-C * -algebra of the universal quantum gauge group as the inverse limit
In fact, C(SU q (∞)) is a σ-C * -quantum group, since it is the inverse limit of C * -compact quantum groups, where the comultiplication ∆ on C(SU q (∞)) is defined to be ∆ = lim ← −n ∆ n (see the Example above).
If G is a set of generators and R a set of relations, such that the pair (G, R) is admissible (see Definition 1.1. of [1] ), then one can always construct a universal C * -algebra C * (G, R). For instance, the universal C * -algebra generated by the set {1, x}, subject to the relations {1 * = 1 2 = 1, 1x = x1 = x, x * x = 1 = xx * }, is isomorphic to C(S 1 ). The generators and relations of C(SU q (n)) described above are also admissible.
Remark. All matrix C * -compact quantum groups considered, for instance, in [11, 12] , such that the relations put a bound on the norm of each generator, are of the form C * (G, R), where (G, R) is an admissible pair of generators and relations.
Let {(G i , R i )} i∈N be a countable family of admissible pairs of generators and relations, so that C * (G i , R i ) exist for all i. Let F (G) denote the associative nonunital complex * -algebra (freely) generated by the concatenation of the elements of G G * and finite Clinear combinations thereof, where denotes disjoint union and G * = {g * | g ∈ G} (formal adjoints). We call a relation in R algebraic if it is of the form f = 0 (or can be brought to that form), where f ∈ F (G). For instance, if G = {1, x}, then x * x = 1 is algebraic, whereas x 1 is not. If (G, R) is a pair of generators and relations, then a representation ρ of (G, R) in a (pro) C * -algebra B is a set map ρ : G → B, such that ρ(G) satisfies the relations R inside B. If (G, R) is a weakly admissible pair of generators and relations (see Definition 1.3.4. of [9] ), then one can construct the universal pro C * -algebra C * (G, R) (see Proposition 1.3.6. of ibid.). It is known that any combination (even the empty set) of algebraic relations is weakly admissible (see Example 1.3.5.(1) of ibid.). We further make the following hypotheses: (a) There are surjective maps θ i : G i → G i−1 , so that one may form the inverse limit in the category of sets G = lim ← −i G i , with canonical projection maps p i : G → G i . We also require the surjections θ i to admit sections s i−1 :
(4) (b) We require that for all i the iterated applications of θ j 's and s k 's on G i satisfy R i for all j i and k i. The surjective maps θ i induce surjective * -homomorphisms θ i :
, θ i } i∈N forms a countable inverse system of C * -algebras. We may form the inverse limit lim
, which is by construction a σ-C * -algebra. Let (G, R) be a pair of generators and relations, where G = lim ← −i G i and R denotes the set of relations {γ i (G i ) satisfies R i for all i}. A representation ρ of (G, R) in a (pro) C * -algebra B is a set map ρ : G → B, such that ρ • γ i (G i ) satisfies R i inside B for all i. We assume that (G, R) is a weakly admissible pair, so that one can construct the universal pro C * -algebra C * (G, R).
Theorem. There is an isomorphism of pro
Proof. It suffices to show that lim
is a universal representation of (G, R), i.e., there is a map ι :
for all i and given any representation ρ of the pair (G, R) in a pro C * -algebra B, there is a unique continuous * -homomorphism κ : lim ← −i C * (G i , R i ) → B making the following diagram commute:
The map ι :
which is a representation of (G, R) due to the Hypothesis (b) above. The construction of the universal pro C * -algebra C * (G, R) (resp. C * -algebra C * (G i , R i )) is defined via a certain Hausdorff completion of F (G) (resp. F (G i )) with respect to representations in pro C * -algebras (resp. C * -algebras) satisfying R (resp. R i ). The surjective maps θ i induce * -homomorphisms θ i : F (G i ) → F (G i−1 ), whence we may construct the * -algebra lim ← −i F (G i ) (purely algebraic inverse limit). By the above Lemma it suffices to define κ on coherent sequences of the form {w i } ∈ lim ← −i F (G i ), which then extends uniquely to a * -homomorphism on the entire lim
Now there is a unique choice for κ({w i }) forced by the compatibility requirement, i.e., κ({w i }) = ρ({w i }). By construction κ is a * -homomorphism and it is automatically continuous, since lim
In the example of C(SU q (∞)), one could try to define the section maps s n−1 :
. But the Hypothesis (b) will not be satisfied and hence the above Theorem is unfortunately not applicable. However, the Theorem could be of independent interest as it can be applied to inverse systems, where the structure * -homomorphisms admit sections (also * -homomorphisms). Let G n := {w for all i, j. The pair (G n , R n ) is an admissible pair for all n, so that there is a universal C * -algebra C * (G n , R n ). There are surjective maps θ n : G n → G n−1 given by
making {C * (G n , R n ), θ n } an inverse system of C * -algebras and surjective * -homomorphisms. There are obvious sections s n−1 : G n−1 → G n sending 0 → 0, 1 → 1 and w n−1 ij → w n ij giving rise to maps γ n : G n → G = lim ← −n G n as described above (see Equation (4)). There are surjective * -homomorphisms π n : C * (G n , R n ) → C(SU q (n)) for all n 2 given on the generators by π n (x) = x for x = 0, 1 and π n (w n ij ) = u n ij , which produce a morphism of inverse systems {π n } : {C * (G n , R n )} → {C(SU q (n))}. Indeed, it follows from the Relations (1), (2) and (3) that the norms of the generators of C(SU q (n)) do not exceed 1 in any representation. Consequently, there is a surjective * -homomorphism of σ-C * -algebras lim ← − n π n : lim ← − n C * (G n , R n ) → C(SU q (∞)).
However, the authors cannot provide a good description of the kernel at the moment. Let us set G = lim ← −n G n and let R denote the set of relations {γ n (G n ) satisfies R n for all n}. Note that x 1 viewed as a relation for a representation in a pro C * -algebra B means that p(x) 1 for all C * -seminorms p on B. The family of pairs (G n , R n ) satisfy Hypotheses (b) and the pair (G, R) is weakly admissible (see Examply 1.3.5.(2) of [9] ), so that the above Theorem applies, i.e., lim ← −n C * (G n , R n ) ∼ = C * (G, R). As a corollary, we deduce that the elements of (lim ← −n π n )(G) provide explicit generators of C(SU q (∞)).
